Abstract: Charged massive scalar fields are considered in the gravitational and electromagnetic field produced by a dyonic black hole with a cosmic string along its axis of symmetry. Exact solutions of both angular and radial parts of the covariant Klein-Gordon equation in this background are obtained, and are given in terms of the confluent Heun functions. The role of the presence of the cosmic string in these solutions is showed up. From the radial solution, we obtain the exact wave solutions near the exterior horizon of the black hole, and discuss the Hawking radiation spectrum and the energy flux.
Introduction
The knowledge of the behavior of different fields which interact with the gravitational field of black holes, can give us, in principle, some relevant informations about the physics of these objects. In particular, the scalar field constitues one of these fields whose behavior will be studied in this paper taking into account a background spacetime generated by a rotating black hole with electric and magnetic charges through which passes a cosmic string. Along this line of research, the separability of the Klein-Gordon equation has been studied in different black hole backgrounds [1] [2] [3] . Others studies concerning the behavior of scalar fields in different black holes background as well as their consequences can be found in [4] [5] [6] .
The topological defect called cosmic string is predicted in some gauge field theories [7] as a result of phase transitions. It can either form closed loops or extend to infinity, and is characterized by its tension, Gµ, where G is the Newton's gravitational constant and µ is the mass per unit length of the string. The spacetime geometry associated with a straight infinite and infinitely thin cosmic string has a conical structure which means that it is locally flat but not globally, due to the fact that on the localization of the string the curvature tensor has a delta shaped form. The local flatness the spacetime surrounding a cosmic string means that there is no local gravitational force. The section perpendicular to the cosmic string has an azimuthal deficit angle given by ∆φ = 8πGµ [8] [9] [10] . However, there exist some interesting gravitational effects associated with the global features of the spacelike section arround the cosmic string. Among these effects, a cosmic string can induce a finite electrostatic self-force on an eletric charged particle [11] , it can induce the emission of radiation by a freely moving particle [12] , act as a gravitational lens among others [13] .
A cosmic string can not appear, necessarily, as a single object in empty space. In fact, it can appear as part of a larger gravitational system, as for example, a black hole. In which case the cosmic string is included [14, 15] by removing a wedge, that is, by requiring that the azimuthal angle around the axis of symmetry runs over the range 0 < φ < 2πb, with b = 1− 4µ. Then, gluing together the resulting edges we get the spacetime corresponding to a black hole with a cosmic string passing through it. As an example of such generalizations we can mention the Schwarzschild spacetime with a cosmic string [16, 17] and the Kerr spacetime with a cosmic string [18] .
An interesting phenomenon which corresponds to a spontaneous emission of black body radiation by black holes is the Hawking radiation, which was predicted from the study of the thermal radiation emitted by a spherically symmetric black hole [19] . The studies concerning this phenomenon was carried on by using different methods [20] [21] [22] [23] [24] . In particular, the emission of scalar particles by black holes has been an object of intense investigations in recent years [25] [26] [27] .
Zhao and Zhang [28] by introducing the tortoise coordinate to discuss the Hawking thermal spectrum from Kerr-Newman-Kasuya black hole. Others approaches includes the investigation of the general radiation spectrum by using the tunneling mechanism process adoted by Yang [29] and the one which consider the Hawking radiation using the viewpoint of quantum anomalies considered by He et al. [30] .
Our contribution is obtaining the exact solutions of the Klein-Gordon equation for a charged massive scalar field in the Kerr-Newman-Kasuya spacetime (dyonic black hole) with a cosmic string passing through it. These solutions are given in terms of the confluent Heun functions [31] and are valid in the the region between the exterior event horizon and infinity, which corresponds to the whole space. If we cancel the magnetic charge, namely, take Q m = 0, we particularize the solutions to the Kerr-Newman spacetime with a cosmic string which are valid in the whole space, which means from the event horizont to infinity, generalizing a result obtained in the literature [32] . Using the obtained solutions for the radial part of the Klein-Gordon equation we study the Hawking radiation. The analitical calculation of the outgoing decay rate or emission rate for charged massive scalar particles in the background under consideration is presented. The resulting spectra are integrated to give the total power emitted or energy flux in the various modes. This paper is organized as follows. In Section 2, we introduce the metric that corresponds to the Kerr-Newman-Kasuya spacetime with a cosmic string passing through it (dyonic black hole with a cosmic string) using a geometric procedure to introduce this topological defect, and we obtain the thermodynamic relevant parameters to study the Hawking radiation. In Section 3, we write down the covariant Klein-Gordon equation for a charged massive scalar field in the background under consideration, and separate the angular and radial parts. In Section 4, we present the exact solutions of both angular and radial equations. In Section 5, we obtain the solutions for ingoing and outgoing waves, near to the exterior horizon of the dyonic black hole with a cosmic string, and we extend the wave solutions from the outside to the inside of this spacetime. In Section 6, under the condition that the spacetime total energy, total charge, and total angular momentum are conserved, we derive the radiation spectra and the energy flux. Finally, in Section 7 we present our conclusions.
2 Kerr-Newman-Kasuya spacetime with a cosmic string
The metric generated by a black hole with angular momentum per mass, a = J/M , electric charge, Q e , magnetic charge, Q m , and mass (energy), M , corresponds to the Kerr-NewmanKasuya metric [33] , whose line element, in the Boyer-Lindquist coordinates [34] , is given by
where
and
Now, let us introduce a cosmic string in the Kerr-Newman-Kasuya spacetime. This can be made by a geometric procedure by simply redefining the azimuthal angle φ in such a way that φ → bφ, and gluing the resulting edges. Doing this, we obtain the metric corresponding to a Kerr-Newman-Kasuya spacetime with a cosmic string passing through it, which can be rewritten as
where the parameter b, which codifies the presence of the cosmic string, assumes values in the interval 0 < b < 1. From Eq. (2.4), we have that the horizon surface equation is obtained from the condition
whose solutions are
and correspond to the event and Cauchy horizons. The surface gravity of the black hole or the gravitational acceleration on the background horizon surface, r + , is given by
(2.8)
Thermodynamics
Now, let us derive the interesting thermodynamic quantities. Firstly, let us take into account the Hawking radiation temperature in geometric units, T + , and the surface area of the horizon in the presence of a cosmic string, A +,b , which are given by
9)
where g ≡ det(g στ ) = −b 2 r 4 sin 2 θ. Hence, the entropy at the event horizon, S +,b , is given by
where the subscript "b" codifies the presence of the cosmic string. From Eq. (2.4), the dragging angular velocity of the exterior horizon, Ω +,b , is given by
The electric potential, Φ + , very near the event horizon, r + , is
where ξ = ±1. These two signs correspond to the two gauges which we will be using and means: the upper puts the string along the negative z axis (θ = π); the lower puts it along the positive z axis (θ = 0). The Komar's mass and angular momentum are expressed as
14) 15) so that the ratio a = J/M = J phys /M phys remains unchanged. From Eq. (2.14) we obtain 16) which means that the physical energy of the black hole decreases due to the presence of the cosmic string.
These quantities given by Eqs. (2.9)-(2.16) for the event horizon satisfy the first law of thermodynamics, namely,
(2.17)
3 Separation of the Klein-Gordon equation
The covariant Klein-Gordon equation for a charged massive scalar field in the spacetime considered given by Eq. (2.4) can be written as
where µ 0 is the mass of the scalar particle, e is the charge of the particle and the 4-vector electromagnetic potential given by [35] A
were used. Note that the units G ≡ c ≡ ≡ k B ≡ 1 were chosen.
Due to the time independence and symmetry of the spacetime, the solution of Eq. (3.1) can be written as
3) whereξ = (ξ, 0), m = ±1, ±2, ±3, ... is the azimuthal quantum number, and the energy (frequency) is taken as ω > 0 corresponding to a flux of particles at infinity.
Substituting Eq. (3.3) into (3.1), we find that
In what follows, we will separate the angular and radial parts of Eq. (3.4) into two cases, namely,ξ = ξ andξ = 0. In doing so, we can discuss more appropriately, which is the most suitable separation to study the Hawking radiation.
3.1 Case 1: Takeξ = ξ and consider the substitution sin
In this case, Eq.(3.4) can be separated into the following equations for S(θ) and R(r):
where λ is constant,
Note that in the e = 0 case, Eqs. (3.5) and (3.6) reduce to Eqs. (7) and (8), respectively, of our paper [36] , if we take b = 1. In this separation, we have used the identity sin 2 θ = 1 − cos 2 θ in the second term of Eq. (3.4). However, as can be seen in [36] , this separation gives us solutions of the radial equation in terms of the confluent Heun functions, in which its parameters contain terms proportional to M , the mass of the black hole, which is a result not suitable to study the Hawking radiation.
In that limit b = 1 and e → −q, Eqs. (3.5) and (3.6) reduce to Eqs. (9) and (10), respectively, presented in Semiz's paper [37] . In this case, we will maintain sin 2 θ in the second term of Eq. (3.4), instead of substitute by 1 − cos 2 θ. Thus, we can separate this equation according to
Note that in the Q m = 0 case, Eqs. (3.7) and (3.8) reduce to Eqs. (24) and (25), respectively, of our paper [38] , if we take b = 1. Now, as can be seen in [38] , this separation gives us solutions of the radial equation in terms of the confluent Heun functions in a form suitable to study the Hawking radiation.
Exact solutions of the Klein-Gordon equation
In what follows we will solve the angular and radial parts of the Klein-Gordon equation for both cases above discussed.
Case 1 4.1.1 Angular equation
In order to obtain the solution of the angular part given by Eq. (3.5), let us perform a change of variable, defining a new angular coordinate, z, such that
With this transformation, Eq. (3.5) turns into
Now, let us perform a transformation in order to eliminate the constant term and reduce the power of the terms proportional to 1/z 2 and 1/(z − 1) 2 . This transformation is a special case of the s-homotopic transformation of the dependent variable,
where the coefficients A 1 , A 2 , and A 3 are given by:
The function U (z) satisfies the following equation
where the coefficients A 4 , and A 5 are given by:
; (4.8)
Equation (4.7) is similar to the confluent Heun equation [39] given by
where U (z) = HeunC(α, β, γ, δ, η; z) are the confluent Heun functions, with the parameters α, β, γ, δ, and η, related to µ and ν by 12) according to the standard package of the Maple TM 17. Thus, the general solution of the angular part of the Klein-Gordon equation for a charged massive scalar field in a Kerr-Newman-Kasuya spacetime with a cosmic string, in the exterior region of the event horizon, given by Eq. (4.2), over the entire range 0 ≤ z < ∞, can be written as
where C 1 and C 2 are constants, and the parameters α, β, γ, δ, and η are now given by:
These two functions form linearly independent solutions of the confluent Heun differential equation provided β is not integer.
Radial equation
Now, in order to obtain the solution of the radial part given by Eq. (3.6), let us use Eq. (2.5).
With this definition, Eq. (3.6) turns into
This equation has singularities at r = (a 1 , a 2 ) = (r + , r − ), and at r = ∞. The transformation of Eq. (4.19) to a Heun-type equation is achieved by setting
Thus, we can written Eq. (4.19) as
Now, let us perform a transformation in order to eliminate the constant term and reduce the power of the terms proportional to 1/x 2 and 1/(x − 1) 2 . Analogously to the previous situation, this transformation is a special case of the s-homotopic transformation of the dependent variable, R(x) → U (x), such that 22) where the coefficients B 1 , B 2 , and B 3 are given by:
The function U (x) satisfies the following equation 26) where the coefficients B 4 , and B 5 are given by:
27) 
These two functions form linearly independent solutions of the confluent Heun differential equation provided β is not integer. However, there is not any specific physical reason to impose that β should be integer. Note the dependence of both angular and radial solutions with the parameter b, associated with the presence of the cosmic string. If we take b = 1, this implies that f (b) = 0, so that the dependence of the parameters α, β, γ, δ, and η relative to the signs which correspond to the two gauges, ξ, is eliminated. Thus, in this limit, and taking e → −q, Eqs. (4.13) and (4.29) are the general exact solutions for Eqs. (9) and (10), respectively, of the Semiz's paper [37] .
Case 2 4.2.1 Angular equation
This case generalizes the results obtained in the paper by Fernandes et al. [32] and our previous one [40] .
Following the same procedure of Section 4.1.1, Eq. (3.7) can be rewritten in a more convenient form, by defining a new angular coordinate, z, such that
and performing a transformation in order to eliminate the constant term and reduce the power of the terms proportional to 1/z 2 and 1/(z −1) 2 . This transformation is also a special case of the s-homotopic transformation of the dependent variable, S(z) → U (z), such that 36) where the coefficients A 1 , A 2 , and A 3 are given by:
where the coefficients A 4 , and A 5 are given by: where C 1 and C 2 are constants, and the parameters α, β, γ, δ, and η are now given by:
Radial equation
Now, let us obtain the exact and general solution for the radial part given by Eq. (3.8).
Following the same procedure of Section 4.1.2 and using Eq. (2.5), the transformation of (3.8) to a Heun-type equation is achieved by setting
and performing a transformation in order to eliminate the term constant and reduce the power of the terms proportional to 1/x 2 and 1/(x − 1) 2 . This transformation is also a special case of the s-homotopic transformation of the dependent variable, R(x) → U (x), such that
where the coefficients B 1 , B 2 , and B 3 are given by:
where the coefficients B 4 , and B 5 are given by:
55)
It is worth calling attention to the fact that Eq. (4.54) is similar to the confluent Heun equation (4.10). Thus, the general solution of Eq. (3.8), in the exterior region of the event horizon, over the entire range 0 ≤ x < ∞, can be written as
These two functions form linearly independent solutions of the confluent Heun differential equation provided β is not integer. However, there is not any specific physical reason to impose that β should be integer.
Note, again, the dependence of both angular and radial solutions with the parameter b, associated with the presence of the cosmic string.
If we consider the expansion in power series of the confluent Heun functions with respect to the independent variable x, in a vicinity of the regular singular point x = 0 [31], we can write HeunC(α, β, γ, δ, η; x) = 1 + 1 2 (−αβ + βγ + 2η − α + β + γ) (β + 1) x
which is a useful form to be used in the discussion of Hawking radiation.
Black hole radiation and analytic continuation
We will consider the charged massive scalar field near the horizon in order to discuss the Hawking radiation. From Eqs. (4.49) and (4.63) we can see that the radial solution given by Eq. (4.57), near the exterior event horizon, that is, when r → r + which implies that x → 0, behaves asymptotically as
where we are considering contributions only of the first term in the expansion, and all constants are included in C 1 and C 2 . Thus, considering the time factor, near the black hole event horizon r + , this solution is given by
From Eq. (4.59), we obtain
which can be rewritten as
by using Eqs. (2.8), (2.12), and (2.13), where ω 0,b = mΩ +,b + eΦ + . Therefore, on the black hole exterior horizon surface, the ingoing and outgoing wave solutions are
These solutions depend on the parameter b, in such a way that the total energy of the radiated particles is decreased due to presence of the cosmic string. These solutions for the scalar fields near the horizon will be useful to investigate Hawking radiation of charged massive scalar particles. It is worth calling attention to the fact that we are using the analytical solution of the radial part of the Klein-Gordon equation in the spacetime under consideration, differently from the calculation usually done in the literature, as for example in [28] [29] [30] .
Using the definitions of the tortoise and Eddington-Finkelstein coordinates, given by
we have the following ingoing wave solution:
The outgoing wave solution is given by:
The solutions (5.11) and (5.12), in the case b = 1 and Q m = 0, are exactly the solutions obtained in our recent paper [38] . And in the case b = 1, Q e = Q m = e = 0, and a 2 ≈ 0, the solutions (5.11) and (5.12) are exactly the solutions obtained in our most recent paper [40] . Now, we will obtain by analytic continuation a real damped part of the outgoing wave solution of the scalar field which will be used to construct an explicit expression for the decay rate Γ. This real damped part corresponds (at least in part) to the temporal contribution to the decay rate [29] found by the tunneling method used to investigate the Hawking radiation.
From Eq. (5.12), we see that this solution is not analytical in the exterior event horizon, r = r + . According to the Damour-Ruffini method [41] , by analytic continuation, rotating −π through the lower-half complex r plane, we obtain (r − r + ) → |r − r + | e −iπ = (r + − r)e −iπ . (5.13)
Thus, the outgoing wave solution on the horizon surface r + is Ψ out (r < r + ) = e −iωv (r + − r)
Equations (5.12) and (5.14) describe the outgoing wave outside and inside of the black hole, respectively. Therefore, for an outgoing wave of a particle with energy ω, charge e and angular momentum m, the outgoing decay rate or the relative scattering probability of the scalar wave at the event horizon surface, r = r + , is given by
This is the relative probability of creating a particle-antiparticle pair just outside the horizon.
6 Bekenstein-Hawking entropy, black body spectrum and Hawking flux
After the black hole event horizon radiates particles with energy ω, charge e and angular momentum m, in order to consider the reaction of the radiation of the particle to the spacetime, we must replace M phys , Q e , J phys by M phys − ω, Q e − e, J phys − m, respectively, in the line element of the spacetime under consideration. Doing these changes, we must guarantee that the total energy, charge and angular momentum of the spacetime are all conserved, that is, −ω = ∆E phys , −e = ∆Q e , −m = ∆J phys ,
where ∆E phys , ∆Q e , and ∆J phys are the physical energy, electric charge and Komar's angular momentum variations of the black hole event horizon, before and after the emission of radiation, respectively. Substituting Eqs. (2.17) and (6.1) into Eq.(5.15), we obtain the outgoing decay rate at the event horizon surface r = r + :
where we have used Eq. (2.9). ∆S +,b is the change of the Bekenstein-Hawking entropy in the presence of a cosmic string, if we compare situations before and after the emission of radiation. It is obtained from the expressions for the exterior event horizon (2.6) and for the entropy (2.11), as follows:
where a = a(M, J) = J/M and
According to the Sannan heuristic derivation [42] , the mean number of particles emitted,N ω , in a given mode can be obtained from the expression for the relative scattering probability, Γ + , as follows:
This is exactly the resulting Hawking radiation spectrum for scalar particles being radiated from a Kerr-Newman-Kasuya black hole with a cosmic string passing through it, where the Boltzmann's and Planck's constants were reintroduced. Therefore, we can see that the resulting Hawking radiation spectrum of scalar particles has a thermal character, analogous to the black body spectrum, where k B T + = κ + /2π, with k B being the Boltzmann constant. It is worth noticing that the total energy of radiated scalar particles decreases due to the presence of the cosmic string, more precisely, the dragging angular velocity of the exterior horizon, Ω +,b , is amplified in comparison with the scenario without a cosmic string [38] .
By integrating the above spectra or distribution function over all ω's, we can obtain the Hawking flux for massive scalar particles. It is given by where ζ(z) is the Riemann zeta function, and Li n (z) is the polylogarithm function with n running from 1 to ∞. This is the exact result for the energy flux in the general case. In particular, for the Schwarzschild black hole, ω 0,b = 0, so we get Flux = 1 2π
which is result already formally obtained in the literature [43, 44] .
Conclusions
We have presented exact and general solutions for both angular and radial parts of the covariant Klein-Gordon equation for a charged massive scalar field in the Kerr-NewmanKasuya spacetime (dyonic black hole) with a cosmic string passing through it and situated along its axis of symmetry. These solutions extend the ones obtained in [32] , if we take Q m = 0, in the sense that now we have analytic solutions for all spacetime, which means, in the region between the event horizon and infinity, differently from the results obtained in [32] which are valid only in asymptotic regions, namely, very close to the horizons and far from the black hole. The radial solution is given in terms of the confluent Heun functions, and is valid over the range 0 ≤ x < ∞. As to the solution of the angular part, it also is given in terms of the confluent Heun functions.
From these analytic solutions, corresponding to the radial part, we obtained the solutions for ingoing and outgoing waves near the exterior horizon in the spacetime under consideration, and used these results to discuss the Hawking radiation effect, by taking into account the properties of the confluent Heun functions. This approach has the advantage that it is not necessary to introduce any coordinate system, as for example, the particular ones used in [28] [29] [30] . As the dragging angular velocity of the exterior horizon, Ω +,b , depends on the conicity, this quantity codifies the presence of the cosmic string, and in fact, is amplified by the presence of this topological defect.
We also obtain the general expression for the energy flux for charged massive scalar particles, which is given in terms of the polylogarithm function.
From the local point of view, the gravitational field associated with the Kerr-NewmanKasuya black hole with a cosmic string remains axially symmetric. But globally this symmetry was broken, and this fact produces some modifications in the physical states of the particles. The wave function depends on the parameter b that codifies the presence of the string, and as a consequence all other physical quantities are also influenced by the presence of the cosmic string.
